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Theory, estimation, 
asymptotic results, 
examples. 

Model cross section 
of returns. 
Statistical tests of 
alpha, observable 
factors and 
characteristics. 



Common approaches 

Approach 1: risk factors treated as observable. 
Sorted portfolios based on factors. Alphas 
and betas estimated via regression. Example: 
Fama and French (1993) 

Approach 2: risk factors treated as latent. PCA 
and betas are estimated from panel of 
returns. Example: Chamberlain and 
Rothschild (1983) and Connor and Korajczyk 
(1986).  



As in Approach 1, risk premia are still determined 
by exposures to risk factors f, but as in Approach 
2, these factors are considered latent. 

Asset characteristics z (P/E, P/B, etc) serve as 
instrumental variables to the time-varying 
conditional loadings β. 

The mapping Γ from characteristics z to loadings β 
is fixed over time and across individuals. 

N assets r 
K factors f 
L characteristics z 
T data points t 



1) Researcher does not need to specify the risk factors 
a priori. 

2) Individual loadings to each risk factor is an 
unnecessary excess (NxK parameters). IPCA requires 
only how characteristics map into their factor loadings 
through Γ. (LxK + TxK parameters). 

3) Because of (2), a large number of assets N or 
characteristic predictors L can be handled. 

4) The PCA approach lacks the flexibility to incorporate 
other data beyond returns, and can only 
accommodate static loadings. 



5) The IPCA estimator converges at N1/2 faster 
than the PCA estimates. 

6) Stocks evolve over time, moving from growth to 
value, for example. Standard response is to 
dynamically form portfolios, which gets more 
difficult with many characteristics. IPCA provides 
a more elegant solution. Betas are parameterized 
as function of characteristics. 

7) It easily handles missing data (unbalanced 
panels). 





  The optimization does not admit an 
analytical solution in general, but is 
speedily solved numerically by an 
alternating least squares (ALS) algorithm. 
It iterates between minimizing over Γ 
while holding {ft} fixed, and minimizing 
over {ft} while holding Γ fixed, until 
convergence.  



PCA: rt = β ft + εt 

Solution for β is given by the first K eigenvectors of  

IPCA: rt = βt ft + εt 

Solution for βt is given by the first K eigenvectors of 
where                       are the L managed portfolios based on  
                                each of the L characteristics. 



Assuming that the characteristics are 
orthogonal to errors (plus some technical 
conditions), then the ALS estimators are 
consistent (they converge in probability to 
the true Γ  and {ft} when N, T → ∞).

 Assuming some technical conditions about 
convergence in distribution of 
characteristics and risk factors, then the 
ALS estimators are asymptotically normal. 



Expected returns depend on characteristics in a way 
that is not explained by exposure to systematic risk. 

Statistical test: 

The null hypothesis states that alphas are 
unassociated with characteristics. Although 
idiosyncratic mispricings are still allowed. 
Test statistic (Wald):   

Inference is conducted by bootstrap. 



M observable factors g. 

Statistical test:   

Test statistics (Wald) : 

If we reject the null hypothesis, it means that the 
observable factors g hold explanatory power for the returns 
above and beyond the baseline IPCA factors. 

Inference is also done by bootstrap.  



Describe by its L columns: 

Statistical test: 

If we reject the null hypothesis, it means that the lth characteristic 
contributes for describing the expected returns variation through the 
IPCA risk factors. 

Test statistic: (Wald) 

Again, inference is conducted by bootstrap. 



Describes how well the systematic factor risk 
model explains the variance of the stock panel 
returns (contemporaneously). 

Describes how well the systematic factor risk 
model predicts the returns for the next period. 



- Sample from July/1962 to May/2014. 
-  It includes 12,813 stocks trading on Nyse, Amex or Nasdaq. 
-  Cross-sectionally calculate stock ranks for each characteristic to 
avoid outliers.  
- List of 36 characteristics: 





K = 1 factor : CAPM 

K = 3 factors : Fama-French (1993), market, size, value 

K = 4 factors : Carhart (1997) FF3 + momentum 

K = 5 factors : Fama-French (2015) FF3 + investment 
and profitability 

K = 6 factors : FF5 + momentum 
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Expanding window to estimate , factors are updated by 
relation:   



Zero intercepts in a factor pricing model are equivalent to 
multivariate mean-variance efficiency of the factors.  



Out-of-sample analysis 
It does not consider costs, which can be a problem since IPCA 
tends to have higher turnover. 



Uses the unrestricted version of IPCA: 







Model including only the 10 characteristics significant 
at 1% has similar performance to the full model. 





-  IPCA treats characteristics as instrumental variables for 
estimating dynamic loadings on latent factors. 
- The estimator is easy to work as standard PCA, but it allows the 
research to bring information beyond returns. 
- By estimating latent factors instead of a pre-specified 
observable factors, IPCA successfully describes the variation of 
stock returns and risk compensation. The model does that 
parsimoniously (low dimension). 
- The model outperforms leading observable factor models, in-
sample and out-of-sample 
-  Only a subset of stock characteristics are responsible for IPCA 
empirical success. 
- The authors introduced a set of statistical asset pricing tests. 
When researches encounters a new anomaly characteristics, they 
can test whether it contributes as a risk factor loading or as an 
anomaly alpha. 


